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Abstract—Recently, a regressive noise model has been proposedormerly presented by S. Gratrix il[2] by proposing a first-
for the data-dependent correlated noise at the output of a order model for the noise on magnetic recording channel
magnetic recording channel detector. This paper generals hich considers more than three-banded correlation matrix

this channel model, considering digital equalization and anore Thi tension i listi . th t dav ok
efficient correlation matrix, in order to make a comparison with IS extension Is more realistic, given the present day n

the usual detector in a more realistic environment. Simulapn ~densities, and it easily includes the effect of the digital
results show that the regressive detector performs better ien  equalization (se€I=D) (seE_TMAB). In this paper, thieamnel

the number of trellis states is lower than needed, while both conditions under which this model is acceptable are rewiewe
approaches are comparable when the number of states matCheS(sec.[I[EE). Then the noise regression coefficients, used t

the channel memory. . oo
Index Terms—data-dependent channel noise, perpendicular solve the ML (MaximumL ikelihood problem, are proved to

magnetic recording, regressive and autoregressive modelson- COinCide_With the model CoeﬁiCiems themselves _(@I-I-G
stationary process, Taylor expansion, linear model, Chokky The sectioLIIIzK suggests a simple method to avoid numkrica

factorization, Viterbi algorithm. instabilities during the ML detection. Finally, the penfieances
of the regressive detector are compared to the autoregeessi
|. INTRODUCTION in a realistic context.

S . Il. SIGNAL MODEL
The state-of-the-art of data detection in perpendiculag-ma

netic recording (PMR) channels is based on data-depend@ntR€ad-Back Waveform

Gauss-Markov detectors. The reader can findlin [3] a completeAssuming that transition jitter and AWG ¢hlitive White

presentation of this approach. According to this approadBaussia are the two predominant noise components on

data-dependent correlated noise results to be auto-sdggesmagnetic channel, the read-back waveform can be described

and then it can be whitened by means of data dependbutthe following equation:

finite impulse response (FIR) filters. This is the approach

widely adopted in present-day read channels implememnttio r(t) = Z arh(t = kT = 7x) + e(t) (1)

Recently, a very interesting papeét [2] highlighted thathsuc _keZ ] . ]

model implies an exponential increase in the number Bhereb, are the information bitsay = by — by—1, h(?) is

states in the detector trellis against a linear increasehef the transition responseT” is the bit interval,7. ~ N(0,07)

channel density. As a consequence, the continuous request gPresents the amount of position jittertr= 7" ande(t) is

higher density would result in an unsustainable growth ef tHf\WWG noise. _ .

detector complexity. More interestingly, the aforemenéio CBD represents the channel bit density:

paper argues that such growth is mostly due to the inherent
. : 2

non-Markov nature of the media noise. The paper assumes a

simple linear model of the read channel derived from the firghd the parametePW%, is the width of dh(t)/dt at half

order Taylor approximation. According to this approximati height.

data-dependent correlated noise results to be regresste a Moreover, both the stochastic processes} and {e}

then whitening can be achieved by means of lIRfiflite are assumed to be strictly stationary, white and mutually
Impulse Responsg filters. According to [[2] the regressiveindependent.

noise model is closer to the actual noise, and IIR whithenin L

would require less predictors and, as a consequence, eSNR definition

corresponding detector would be smaller compared to the ARThe Signal-to-Noise Ratio is defined as:

(Auto Regressive version. 1

The present work generalizes the noise regressive model SNRip = 1010g10m ®3)




where N, is the single-sided AWGN power spectral densits. Equalization

and M, is twice the media noise variance; the parameter  Typically, the sampled read-back signal is equalized by a
expresses the percentage of AWGN power with respect to {igitafl filter f; here, let us suppose that the equalization is

overall noise power: applied to the symbol-time sampled sigmral
. N, @ reg = (vig +v) *f (14)
TSN, M, Ay '
T =i ap—iTe—ihy* + el (15)
so that: * o 1:2; 5 ’
N, = mig .10~ SNRaz/10 5 “Vhere: o
M, = (1 — miz) .10~ SNRas/10 ©6) heg = hxf (16)
eeq = e x%x f (17)
The varianceo? of jitter random variabler can be derived o the contrary, if the equalizator filtéris defined over an
from M, as follows: oversampled grid ang € N is the oversampling factor, the
5 expression of the equivalent time-invariant impulse resgo
M, ~ 1 2 (ﬁh(t _ kT)) 7) e associated to transition jitter noise becomes:
2 2% dt : .
ke hed = {[h(t).Z&(t—iT/p)] *fO} ,_p  (18)
[1l. REGRESSIVE MODEL OF NOISE '
where:
A. Taylor Expansion of Read-Back Signal f6) = Z fio(t —iT/p) (19)
Assumingh(t) infinitely differentiablevt, ando; < T', the The parameters, \, are the so-called pre- and post-cursor
Taylor expansion oh(t — 7): of the equalized transition response:
; R 0 for k> Ny, k< =)y (20)
h(t+ 1) Z rd, @) . . I . -
il dtz Finally, the first-order approximation of the noise whenitdig
equalization is taken into account is:
is convergent with very high probability. The first order Ap .
approximation of channel noise results: ng = Z ap—iTh—ih;? + ey (21)
i=—Xy
r(t) = rqt) + Zamih(t —kT) +e(t) (9) The stochastic process is non-stationary and, accordingly,
kez dt noise sampley;, is data-dependerand its value depends on
> riq(t) 4 v(t) (10) the patternoy:
A = [bk—)\p—lbk—/\p .. -bk+/\f] (22)

wherev(t) is the noise component. )

Let i, be the first derivative of(t) evaluated int=T. The C. Noise Mean

signalr(t) sampled at=kT results to be: When the Taylor series iltl(8) is not limited to the first term,
the noise mean is given by:

[e’e] . A -
Tk = Tigk + Z Ap_iTe—ihi + ek (11) i E[TQJ d%7 .
1= oo Elng|og] = _Z ari ) o a0 @)
zzf)\f Jj=1
The accuracy of this approximation is already demonstrat@ghere:
in [2] d2i 427
. _ heq _
It is reasonable to assume that g T) = {[dtQJ %225 (t } f(f)} ’t:iT
P o (24)
h(t) =20 for |t| > AT (12) In fact, |
, E[r?%1) =0 for j >0 (25)
where A depends orCBD. As a result, the first order appro-
ximation of the noise becomes: because the zero-mean normal function is even.
Remarkably,under the first order approximatiomoise on
A . magnetic channel igero-mean

Z ap—iTk—ihi + ek (13)

i=—A\ 1digital signals are named with bold font



D. Noise Autocorrelation As a consequence, we may re-formulate the sysfein (32) into

Noise autocorrelation has a finite length and depends bdf¢ matricial form:
on the stored binary sequernise@nd on the time instant= kT

A Rp) = ClpyCpv) (34)
R(0)® = E[n2|b] = o2 zp: (an_ihS")? + o2 where R, is the @w — 1)-diagonal autocorrelation matrix
F / 2 ! ¢ of n and C,) is the upper triangular matrix of coefficients
A {e"):
RO = Bl bl =03 > ai_ihi7hit, R, = E[n"n] (35)
zf—Af-i—v i ) )
for v € 103 — 1] Cy(i,i+j) = cg ) je0iw—1], i€ [1;N]
R(y)® = Elngng—|b] =0 fory>w  (26) Copliity)=0  i<0jzw (36)
where: Commonly, the mgt_rix productC(Tb)C(b) is called the
= At A1 (27) Cholesky decompositionf R ).

It is clear that every correlation coefficient does not d@pen It is remarkable that the noise expressiond (31) is admis-
on the whole binary sequengeg but onIy on the patterﬂk ;' sible if and only if noise izero meanUnder the first-order
approximation of noisy read-back signal, noise is zerommea
B = [br_x, 1. bria, ] (29)

More precisely, correlation coefficients hinges 17 }, so it
is assumed that:

F. Linear Dependent Noise

The Cholesky decomposition of a square matAx is
possible if and only ifA is positive definite; in general, the
E[nknk,ﬂﬁgj)] = E[nknk,ﬂﬁgj)] (30) autocorrelation matriR. is semi-positive definite.

—. . . . In other words, for anya = [a; . .. € RYV:
where3 is the boolean negation @; this property is known w=los.an]

aspolar symmetry aRa = aF[n"nja” (37)
E. Noise Regressive Model = E[(an")(na")] (38)
Following [Z], this section reviews the assumptions which = E[(an™)’] > 0 (39)

make the magnetic channel noisaan-stationary regressive

. . As a consequence, the only circumstance wirean not be
modellike this one:

factorized as in[{34) is when:

w—1
ng = Z cz(-k)gk,i (31) JacRY: E[(an")?] =0 <= pan"=0)=1 (40)
=0
) that is the condition for which noise samples are linearly
where c§ ) € R depends on the instant= kT and {&}  dependent.

are random variables I..D~ AN(0,1); according to this
hypothesis, the stochastic process:an be conceived as the The properties of autocorrelatlon matrix can be usefully

by white gaussian noise. o if 0. = 0, there exist some partlcular binary patterns

which imply linear dependence among noise samples;

(k) ;
The unknown quantities;”” can be found by matching the two examples will be shown.

correlation coefficients of the two different noise express

: . . . . 1) Let
(@3131) and by solving the following iterative non-linear )
system: V1 = [br-x,—2-- - Drgas42] =1[0...01...1]
RO)®) = 37 L ®? Ap+2 Ap+3
w k) (k—1 H H i
R(l)(k) == 1101( )05_1 ) (32) !;S.tms case, noise sampleg andngy; can be written
R()® = 771 B < = e o
(M® =T Pty < {m, TRy = [ RS
Since the binary sequende has a finite lengthV, the first Ngy1 = apTehy
w — 1 samples of noise sequence can be expressed as: 2) Let
k—1
nkzzcgk)fkﬂ' for k € [1; — 1] (33) ’1922[bk_kp_g...bk_‘_)\f_‘_g]Z[O...Olo...O]

i=0 ApF2 Af+3



so that: Exploiting the probability theory, it follows that:

ng = ami}gq +ak+1Tk+1f:Le_q1
Ngt1 = akaf'Ltlgq + ak+17'k+1}.t8q E[gknk—i] = 2 Eenk—ipdfe, . (z1, x2)dz1dTo
Mkt = OkTkhe! + kT by = By [miB(Glni—)] = 0 Yk, i>1
The aim is to demonstrate that exist, B) € R? such — B(&np_)= 0 Yk, i>1 (47)
that:
ng = Angy1 + Bngyo (41) By definition of linear stochastic model, the ternﬁ@ are the

o . L regression coefficientsf the random variable,;, on:
The unknown quantitied, B satisfy the following linear g wf k

system: . : . 0, = [h_1,...,0] (48)
T RS [A] TR " o
he? hSY) |B] T | (42)  and then: -

which is solvable iti{" — fghs? £0. Elngln} ] = Y aPn; (49)

=1

As a general rule it is possible to assert that, undeforeover, the variance ofy, assummg to know the value of

the first-order approximation, the stochastic process | ., is the variance ot (e

n is linearly dependent if and only if it exists a

subset A of noise samples generated by the linear Var[ng|nj,_,] = Var[cé’“)gk] = 0802 (50)

combination of the same sé&t of random variables: in
the first caseA = {ng, np41}, 2 = {7 }; in the second Given that¢, ~ N (0, 1):
A = {ng,ngt1, nkr2}, Q@ = {7%, Te+1 - This is possible

only if there are within the whole sequenbeat least p(ngnk_;,b) = N( al(-k)nk 1,08“)2) (51)
two subsequences containing no transitions respectively
of lengthy; > A\, + 2,42 > A + 3; consequently, the
probability thatn is linearly dependent rises withv.

?T'
)_.

=1

The last equation stresses the fact that the stored bin#sripa
b is known.

. As a consequence of thg former rule,dt # 0 the I—} Maximum Likelihood Algorithm
matrix R is positive definite, because the presence of _ _
AWGequalized noise makes it impossible to find a subsetlt is easy to show([5] that the expression of the maximum-
of noise samples generated by the same random variablé&eglihood binary sequence is equivalent to:

So, it has been mathematically demonstrated under which N
_channel conditionsa(, ## 0) the regressive noise modé&[131) b = argmax HP(”k|nzlc—1vs}§—1 USE) (52)
is well-founded. b el
Remarkably enough, the former considerations are valid eve k—1 )
if the read-back signal is not equalized. = argmax HN Zaz(k)”k iney’?) (53)
b = i—
G. Non-Markovianity of Noise h=1 !
Referring to equatio{31), the iterative substitution: where the sequence}:
SP = [br_x,...b 54
gk_i N (k 5 nk ; Z ! z)gk i 7, Vi >0 (43) k [ k—Xp k+)\f] ( )
can be considered thstateof the Viterbi trellis.
results in: The log-likelihood metridVI® associated to the state transition
ad (b) (®) e
ng = Cék)é.k + Zagk)nk,i (44) Sk71 - Sk IS:

=1 92
&

M',g = In [cék)} + 9

(k) (55)

wherea,;”’ are real time-dependent coefficients; if the noise

sequence length i/, the last equation becomes: %) _ ) ) )
wherecy”’ and§ kE are determined imverystate and irevery

k—1 . .. .
(k) (k) _ ) temporal step of the trellis by the joint solution of the non-
k= o bkt Zai i k€[N (45) linear system[{3d2) and of the equation:
Noise samplen; results to be the sum of the linear com- _ w1 *)
bination of all previous noise samples and the tefffi¢, §p = e ki) (56)
uncorrelatedwith them: CO =1

El¢kng—i]= 0 Vk, i >1 (46) 2¢,, is a random variableg,, is its realization.



In correspondence of every node of the trellis, it is neagssal. Complexity

. 5 - "
to keep in memory the value 6f5w=+ 1.5t — 1 coefficients: If the estimator suggested iA{59) is used, then the know-

{E;H, iel;w— 1]}; ledge of the pattern:

I
{cf_’l, veDim—1]i€ [yw— 1];} (57) ) = [br—max(rp,I.)—1 -+ Okmax(ns,1.)] (63)
'Hs necessary to estimate the noise sample correspondence

The equation[{36) can be interpreted as the whitening of to?every state transition of Viterbi trellis; so, let us defithe

noise sequence in correspondence of every trellis pathghro

an IR digital filter, which is the exact inverse of the FIRdilt new extendedstate:
generating the noise sequence. S = [Dromax(1) - Ditmax(rp 1) (64)
. Detector Calibration Hence, the number of trellis states of the regressive dmtect

In correspondence of every Viterbi trellis state, knowkeddgoecomes:
of the noise sample;, is necessary (see Eql56) and, under the NREG _ gmax(p,Lo)+max(hs, o) +1 (65)
first-order approximation, the following expression isidal st T a1

=2 (66)
nNg =7Te — E[rk|ak] (58)

. . wherelSIT = I, + I.+ 1, because typically,. > \,, I, = \¢.
where E[r|ay] can be ergodically estimated as: ypicall P d

K. Numerical Instability

-~ 1
Elrglog] = i Z o ol =& Yk (59)
ey,

ii alev=alev

It has been demonstrated that, given the binary patbern
which is associated with théth trellis path, the iterative
where: resolution of the non-linear systeri 132) is equivalent te th

aﬁf” = [br—1.-1 bp—1. .. brstr,] (60) on-the-fly Cholesky decomposition of noise autocorrefatio

. matrix Ry, ).
andl,, I. are respectively the pre- and post-cursor of the dibit (i)

response.

: nfortunately, each element @& ;,) can only be statisti-
The expected value of the former estimator can be expresgg y estimated as i [62), and the probability that the ixatr
as: S

R ) be non-definite (even if. # 0) rises with the decreasing
Elng] = Elre] — E[ 1 Z real } (11‘ Nge, New; in this case, the Cholesky decomposition of
Ngiev R ;) would not be allowed.
Since the following three statements are valid:
o a matrix is positive definite if and only if all its eigen-
It is important to underline that the last equality holds for  values are positive;
any degree of approximation order of no;se bec?use, if « supposing that the eigenvalues of the square maix,
lo 2 ApIe = Ap, the samplesyy, {ri, i : o®" = &'} are {(v\”,...,v}, the eigenvalues oR ) +wl are
can all be considered to be realizations of the same random | () (4) ) )
{n" +w,..., vy +wh

variable. the principal diagonal of the matricd® Vi are con-
Hence, the estimatof{b8) is unbiasedly under the first * princip g 0) o)) Y 0)
order approximation (see sectibiTll-C). stituted by the term&2(0|3""), while changingd""’;

It is valuable that, even ifo; were so high to make then, if the minimum eigenvalue.., is negative it is
unacceptable the first order approximation, the estimatégfsonable to carry out the replacement:

i:aiev:&leu

=0 <= L, >2X, 1.2 ) (61)

noise samples would remaero mean }A%(O|B(0)) . }A%(O|ﬁ(0)) ] (67)
Even the autocorrelation contribut&§y|3") Vk, that are Vmin = Mmin v (68)
used to solve the iterative non-linear systé€nd (32) in eactieno ’
of the trellis, can be estimated in the ergodic way: after the detector calibration, in order to guarantee the
1 numerical stability of the non-linear system along eveejlis
R(y|87) = 5— Ak, (62) path.
B k:,ng)Eﬁ(’”

Since the termsk(0|3”)) are the only ones depending
where N, is the number of recurrences of the pattgi’  on the AWGN varianceo? (see ed26), so the equatidil(67)
within the entire sequende and the terms:, are computed can be interpreted as a fictitious increase of the parameser
through equationd (H8.59).

It is important to stress that both the estimales (58) Bl (62 Remarkably, the physical explanation of this mathematical
are computeaff-line for every value of the patterns and3. trick is in accordance with the remarks in sectibn {llI-F).



‘, s || detector in terms of SFR €8tor Failure Rate) vs. SNR.
-a-recast || When the number of states rises, the two methods tend to be
——arsst | €quivalent because the number of predictdfsof the AR
-o-recast || detector approach to the effective channel memory lerigth
—%— AR 16st E!
- REG 16st || The authors believe that the results presented’in [2] are

SFR

1 affected by the channel model choice. In fact, the detectors
1 are compared with a channel model developed according
| to the first order approximation, which matches exactly the
1 assumptions of the regressive detector. For this reasen, th
performance gains in favour of the regressive detectoritresu

“w 1 to be exaggerated. Actually, both regressive and AR channel

. ‘ ‘ ‘ ‘ . ] assumptions are an approximation of the channel. The ap-
14 14.2 144 SNRMG 148 5 proximations become closer each other when the number of
states grows. Nevertheless, the present work result confirm

Fig. 1: SFR vs. SNR that, given a limited number of states, the regressive model

captures more accurately the noise characteristics an@snak
the regressive detector a powerful detection method. When t
IV. COMPARISON BETWEEN THE REGRESSIVE AND THE  detection performances are to be maximized both approaches
AR APPROACH seems to be comparable and other considerations arise. The
calibration of the regressive MLSD @&imum Likelihood
As already mentioned before, the great advantage of equenceDetection) algorithm is very simple because it
gressive approach is expected to be the low number of VitefRiplies the estimation of ISI iter Simbol Interferenc
trellis states, which exponentially increases with thedBly. |evels and data-dependent correlation matrices. Durirg th
In fact, the number of predictors doemt depend on the calibration of the AR detector, besides the measurement of
number of states and the information on all of the past noifg| |evels, it is necessary to estimate and - above all - inver
samples is contained in tistoredIIR coefficients (see €q.b7). 2= -1 the squard.’- dimensional matrices. However, the Yule-
In the AR-based trellis, the number of predictdrsdeter- Walker equations can be solved easily with a recursive and
mines the number of states which grows exponentially wigheaper LMS (east Mean Square approach. Instead, the
the sumL’ + IST. regressive MLSD algorithm is computationally more onerous
It stands to reason that the two different methods teridnd numerically critical) than the AR one: the first invalve
to be closely related when the numbgt of AR predictors the resolution of a non-linear system (see[&q.32) with
approaches to the effective channel memory lerdgtilence, unknown quantities irevery node of the trellis, while the
the regressive detector performances converge fastereto $econd one implies a simple data-dependent FIR filtering of
optimum compared to the AR detector when the trellis statiee noise sequence.
number rises. However, it is worth anticipating here that
2L'+1SI states may not be strictly necessary to achieve most V. CONCLUSION

of the performance gain of the AR detector and severalThe noise regressive model and the corresponding detector
variations of the canonical approach are available. Fgfesented in[]2] have been reviewed and extended to larger
example, the number of predictors can be left equal to Igbrrelation lengths. The channel conditions under which it
without increasing the number of states; despite suboptim@g valid have been desumed and the numerical problems
this approach generally provides most of the gain. Othgf this approach have been considered, too. The regressive
combinations in between this approach and the canonical Mbroach has been compared against the well-known AR
can be easily envisioned. detector. The results confirmed that the regressive model is
a powerful approach especially when the number of states
Both detectors have been simulated in a realisti§ limited. However, when detection is to be performed at
perpendicular channel model (see Sectigh Il). For bofiy best, the two approaches seem to be comparable. This
the implementations 4, 8 and 16 states are compared. The édhclusion, which results to be not perfectly in line witleth
detector always adopts the maximum number of predictagénclusions contained in the original workl([2]), is justifiby
(1, 2 and 3 for 4, 8, and 16 states, respectively). The usfie adoption of a more realistic channel model which makes
bit density is 2 which approximately leads to an ISI of 2-& evident that the assumptions of the two approaches are
samples after a Generalized Partial Response equalizatigifferent approximations of the actual channel.
Sectors with 512 bytes user data are protected witF42'%)
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