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Abstract. To generate volumetric acoustic images, a 
planar array of sensors is required to collect the signals 
coming from a 3-D scene. The method most frequently 
used to process the acquired signals is a digital 
beamforming algorithm. In general, due to the high 
number of sensors and beam signals, the computational 
load is prohibitive for real-time image generation. In this 
paper, the options for a frequency-domain 
implementation are discussed and an extension of the 
Chirp Zeta Transform beamforming is proposed that has 
been specifically devised to cope with the requirements of 
volumetric imaging. In particular, the process of 
wideband signals collected by a planar array and 
generated by a scene placed in both the near-field and 
the far-field is enabled with a computational load that is 
a few orders of magnitude lower than that of the 
traditional frequency-domain and time-domain 
beamforming implementations. 

I.  INTRODUCTION 

Despite the introduction of commercial equipment, 
building systems able to generate a real-time 3-D 
acoustic video of an investigated environment [1,2] is still 
a challenge, mainly due to the cost of the needed planar 
array and the computational load associated with the 
digital beamforming technique [1]. Moreover, 3-D 
imaging systems should be able to work in the near-field 
region, imposing a focused beamforming approach [1-3], 
and this causes additional difficulties, especially when 
beamforming is implemented in the frequency domain. 
To overcome problems related to hardware costs and 
computational load, several options have been pursued in 
recent decades and are still the focus of investigation. 
Among these options, the possibility of avoiding digital 
beamforming by using acoustic lenses is particularly 
attractive, as described and reviewed in [4]. Although 
results of high quality have been obtained for specific 
set-ups, the limited efficiency of acoustic lenses and the 
poor flexibility of the systems based on them, especially 
in the near-field region, still inhibit the widespread 
adoption of this technique. Another interesting option to 
limit the computational flux and the hardware costs is the 
    

    
synthetic aperture strategy [5,6], which can be applied to 
the 3-D imaging case with different techniques [7,8]. 
However, the need to transmit a sequence of pulses often 
does not allow one to obtain real-time imaging or to deal 
with moving objects, especially in underwater contexts, 
where the pulse repetition rate is limited by the maximum 
range of the system, which can exceed several meters. 

The computational burden and the hardware 
requirements of digital beamforming implemented in the 
time-domain can be mitigated by using one of the 
approximate implementations [9-11] proposed in recent 
years or by adopting a sparse planar array of sensors [12]. 
In both cases, a loss of quality is an unavoidable 
consequence and, given the purpose of the imaging 
systems, unacceptable. Even the use of specific 
integrated circuits based on proprietary technologies [13] 
to perform the time-domain beamforming is a solution 
with limited flexibility that is rarely acceptable. 

Beamforming implementation in the frequency 
domain represents an attractive alternative that has been 
extensively investigated [3,14,15] in an attempt to exploit 
the computational advantages of the fast Fourier 
transform (FFT). In [15], Maranda thoroughly described 
and compared some frequency-domain beamforming 
methods, with reference to a one-dimensional (1-D) array 
and a far-field condition. He divided these into exact and 
approximate methods.  

Traditionally, “direct method” (DM) beamforming 
is the most widely applied of the exact methods, and its 
extension to planar arrays and near-field conditions has 
been introduced and extensively investigated [16,17]. 
The computational load of the frequency-domain DM is 
significantly lower than that of time-domain 
beamforming, and its efficient implementation on digital 
computation platforms can represent an additional 
advantage.  

Zero-padded FFT beamforming is the most widely 
applied of the approximate methods, and its extension to 
planar arrays has been investigated [18,19], also with 
reference to the near-field condition. This method is very 
efficient and exact for narrowband signals [18]. 
However, the extension to wideband signals is not 
straightforward and introduces errors: the computational 
load is much greater if major errors are to be avoided, 
thus decreasing the expediency of the method [15]. 
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Although less recognized, Chirp Zeta Transform 
(CZT) beamforming [15] is a flexible frequency-domain 
method that can process wideband signals without any 
error, with a computational load equal to or lower than 
that of zero-padded FFT beamforming. In [15], with 
reference to 1-D arrays and far-field conditions, Maranda 
judged CZT beamforming to be better than the “direct 
method” and the zero-padded FFT algorithms. Recently, 
the extension of CZT beamforming to planar arrays and 
far-field conditions has been introduced [20] and 
assessed, with the same conclusions that Maranda 
sketched for 1-D arrays.  

In this paper, an original beamforming technique for 
wideband 3-D imaging is proposed, based on CZT 
beamforming that has been specifically tailored to image 
a volume of space encompassing the near-field and far-
field regions, with a convenient computational load. The 
near-field difficulties have been solved by the adoption of 
the Fresnel approximation [1,3,18] for the beamforming 
delays, a useful definition of the steering angles, and the 
setting of multiple focal regions. In addition, a technique 
to generate cubic resolution cells has also been 
introduced, allowing a further reduction of the 
computational burden. The resulting computational load 
is evaluated and compared with those of different 
frequency-domain and time-domain techniques, showing 
that the devised solution offers noticeable computational 
advantages. Moreover, except for the Fresnel 
approximation (whose validity region is discussed later), 
the frequency-domain digital beamforming proposed here 
should be considered an exact method.  

On the whole, this paper introduces an innovative 
digital method for 3-D acoustical imaging that is 
computationally advantageous and suitably flexible for 
real operations. Although the application context 
assumed in this paper refers to underwater sonar systems, 
the proposed technique can also be positively exploited 
for medical or non-destructive testing applications.  

II. PLANAR ARRAYS AND NEAR-FIELD 
CONDITIONS 

Let us consider a planar array placed on the plane 
xy, composed of M×N sensors. The sensor identified by 
the indexes (m, n) is placed at position (xm, yn) and 
generates the signal sm,n(t). The steering direction is 
identified by a couple of azimuth and elevation angles 
(θa, θe) that, in contrast to the conventional formalism 
[2,18], are defined as shown in Fig. 1. The choice of such 
angles is useful for easily extending CZT beamforming 
to a planar array. Although the conventional formalism 
also makes it possible to express the main computation as 
a discrete convolution, it is less direct and intuitive.  

 

Figure 1. Notation and geometry for a planar array. 

 
According to such a notation, the unit vector of the 
steering direction, u , can be expressed as:  ˆ
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where θa is the angle between the vector u  and its 
projection on the plane yz, and θ

ˆ
e is the angle between the 

vector u  and its projection on the plane xz. ˆ
According to delay-and-sum beamforming [1], if 

the far-field condition is still valid, the beam signal, b(t, 
θa,θe), steered in the direction (θa, θe), can be expressed 
as follows: 
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where wm,n is the apodizing weight assigned to the (m,n)-
sensor. The extension of the CZT beamforming to an 
equispaced planar array working in far-field conditions 
has been introduced by the authors in [20].  

This paper focuses on near-field conditions, where 
the curvature of the wavefront cannot be neglected, and a 
focusing distance r0 should be introduced in the delay 
term [1,3,18], which, in turn, becomes much more 
complex. The last equation (delay-and-sum 
beamforming) is modified as follows: 
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The computation of the delay terms given in the last 
equation is computationally very heavy; therefore, it is 
necessary to compute and store them a priori. The 
number of possible combinations among m, n, θa, θe, and 
r0 requires a very large memory. To simplify such a delay 
and reduce the memory needs, the Fresnel approximation 
can be applied [1,3,18], obtaining the following term: 
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The validity region of the Fresnel approximation (i.e., the 
region where the approximation errors are negligible) is 
discussed by Ziomek [18]. 

The beamforming implementation in the frequency 
domain requires the temporal sampling of the signals 
gathered by the sensors, producing the time series sm,n(l), 
followed by the segmentation into partially overlapped 
blocks of length K and the transformation into their 
frequency versions, Sm,n(k), by the FFT. If the Fresnel 
approximation is adopted, the DFT coefficients B(k, θa, 
θe, r0) of the beam signal b(t, θa, θe, r0) are given by the 
following expression: 
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which represents the DM for a near-field, frequency-
domain beamforming. 

Let us assume now that the planar array placed on 
the plane xy is centered on the coordinate origin and 
equispaced, with an intersensor spacing d in both 
directions. Let us consider the computation of a pyramid 
of beams composed of Mb×Nb signals, identified by the 
indexes (p, q). For each of these beams, the steering 
direction is (θa,p, θe,q), where θa,p and θe,q are two angles 
chosen from a set of Mb azimuth angles and a set of Nb 
elevation angles, respectively. The predefined angles are 
equispaced in the sine domain, ranging from an initial to 
a final angle. After some mathematics, the k-th Fourier 
coefficient of the beam signal (p, q), focused at a distance 
r0, can be written as follows: 
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The terms Wa, Aa, We, and Ae, are defined as follows: 
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θai and θaf are the initial and final steering angles for the 
azimuth, respectively, and θei and θef are the initial and 
final steering angles for the elevation, respectively. The 
steering angles θa,p and θe,q can be derived from the 
following relations: 
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A previous equation expresses  as a 2-
D discrete convolution of the following two matrixes 
C(k) and D(k): 
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where n ∈ [0, N–1] and m ∈ [0, M–1], thereby allowing 
FFT methods for performing the 2-D “fast convolution” 
[21] to be used effectively. It is worth noting that, at a 
single frequency fk, the convolution FFT-based method 
simultaneously computes all the values of the Mb×Nb 
beams. Finally, after all the segments of the beams are 
computed over the desired frequency band, Mb×Nb 
inverse FFTs are necessary to obtain the beam time 
series. 
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III. DEPTH OF FIELD AND RANGE 
RESOLUTION 

In this Section, two solutions intended to optimize 
the computational load while preserving the imaging 
system performance are proposed. The first one concerns 
the length K of the signal blocks in relation to the depth 
of field and the focal regions to be defined. The second 
one is related to the number of frequency bins to be 
processed in relation to the range resolution. It will be 
shown that a dynamic tuning of both the block length and 
the number of bins with the distance is convenient. The 
two solutions can be applied to both DM and CZT 
frequency-domain beamforming. 

In near-field beamforming (independently on the 
time or frequency implementation), the depth of field 
(DOF) is the range interval around the focusing distance 
r0 inside which the performances only marginally 
degrade. More precisely, often the DOF is determined by 
examining the array beam pattern versus the distance r in 
the steering direction. The points r0- and r0+, where a 
reduction of 3 dB with respect to the beam-pattern 
maximum (i.e., the value in r0) occurs, are defined as the 
DOF limits [2, 22]. The extension of the DOF (i.e., r0+ – 
r0-) depends on the specific value of r0: the smaller the 
focusing distance r0, the smaller the DOF extension.  

For a square array with a side length D, the near-
field limit is placed at a distance, rnf, defined as follows: 

λ
=

2

2Drnf  

where λ is the wavelength of the central frequency of the 
acoustic pulse spectrum. For r0 < rnf, assuming that the 
central element of the array is chosen as the centre of 
phase, the DOF limits can be computed by the following, 
approximated, closed-form expressions: 
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In 3-D acoustic imaging for underwater 
applications, the range extension of the volume to be 
imaged is in general very large: part of it is placed inside 
the near-field region, the remaining part is placed inside 
the far-field region. The part in the far-field does not 
require any focusing [20]. The part in the near-field 
requires beamforming focusing, but it often has an 
extension that exceeds that of the DOF. The problem is 
commonly solved by segmenting the received time 
signals into subsequent blocks that are processed using 
different focusing distances r0 that increase with time. In 

other words, the part of the volume to be imaged that is 
placed inside the near-field region is subdivided into 
multiple, adjacent focal regions. Each focal region is 
referred to a specific focusing distance r0 and is 
contained inside the DOF corresponding to such a 
focusing distance. As in the frequency-domain 
beamforming (both the direct method and the CZT 
method) the time signals are segmented into blocks of 
length K, one can easily apply different focusing 
distances to each block coming from the near-field 
region.  

However, in assigning a value to K, two opposing 
requirements should be considered: (1) the spatial 
extension corresponding to K time samples should not 
exceed the shortest among the extensions of the focal 
regions (the extension of the focal region closest to the 
array). This requirement implies a small value for K. (2) 
For a given imaging system, there is an optimum value of 
K in terms of computational burden. Typically, this value 
is larger than the smallest focal region. To satisfy both 
the requirements, a dynamic block length assignment can 
be adopted, allowing the length of the signal blocks to 
vary, increasing in synchrony with the DOF extension 
until the optimum K value is reached. 

The second solution proposed in this Section can be 
referred to as dynamic range resolution. The angular 
resolution of the beamforming system is constant; as a 
consequence, the lateral resolution worsens with the 
distance. On the contrary, the range resolution depends 
on the pulse bandwidth and does not vary with the 
distance. The objective of a volumetric imaging system is 
generally that to produce cubic resolution cells [1]: in this 
light, a worsening of the range resolution with the 
distance, in synchrony with the worsening of the lateral 
resolution, would be perfectly acceptable. This makes it 
possible to save many operations by reducing the number 
of frequency bins processed (i.e., the bandwidth 
considered) with the distance r. Recalling that the range 
resolution is c / (2Q), with Q being the bandwidth of the 
pulse and assuming a uniform array weighting where the 
lateral resolution is 0.88λr / (Nd), one can conclude that 
the bandwidth necessary to make equal the two 
resolutions, at a given distance r, is the following: 

r
dNcQ

76.1
  
λ

=  

If the weighting is not uniform, the lateral resolution 
worsens a little, the necessary bandwidth Q decreases, 
and the computational load is, in turn, slightly reduced. 
Therefore, for a given block of the time signals, denoting 
with r* the distance at which the block starts, the number 
of frequency bins, ζ, to be considered in order to achieve 
a range resolution not worse than the lateral resolution is 
the following: 
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where K is the length of the signal block, fs is the 
sampling frequency, and the function ceil(a) rounds a to 
the nearest integer towards infinity.  

In this way, the generation of cubic resolution cells 
is enabled, and the number of operations involved in the 
beam computation is drastically reduced, because the 
equation for  should be evaluated for a ),θ,θ,( 0,, rkB qepa
number of indexes k that decreases block after block, 
according to ζ.  

IV. COMPARISON AND DISCUSSION 

The aim of this Section is to compute the total 
number of operations needed to generate a whole 3-D 
image and to compare the computational loads of the 
three beamforming techniques considered. To make it 
possible such a comparison, it is necessary to set some of 
the variables that influence the computational burden. 
With reference to an underwater imaging application, 
some of them are fixed as follows: sound speed, c = 1500 
m/s; central frequency of the acoustic pulse, 500 kHz; 
pulse bandwidth, 250 kHz; sampling frequency of the 
time signals, fs = 1.5 MHz; intersensor spacing in both 
directions, d = λ/2 = 1.5 mm; range extension of the 
volume to be imaged from 1 m to 50 m. For the time-
domain beamforming an interpolating filter with H = 100 
stages is assumed [3]. The analysis of the computational 
load is carried out with respect to: the number of sensors 
along the array side, N; the number of beams along the 
pyramid side, Nb; and the length of the signal blocks, K.  

For both the frequency-domain implementations 
(i.e., DM and CZT), the two solutions described 
previously (i.e., dynamic range resolution and dynamic 
block length assignment) have been assumed enabled in 
the evaluation of the computational burden. 

A first analysis concerns the impact on the 
computational burden of the value K at which the 
maximum block length is set. Assuming the ratio Nb/N 
equal to 2, the number of real operations required by the 
CZT and the DM beamforming techniques, as a function 
of the array lateral size N, to create one 3-D image is 
shown in Figs. 2(a) and 2(b), respectively. The two 
panels compare four different values of K, showing that 
for values higher than 512 the number of operations is 
almost independent on K. Instead, for K = 512, the 
overlapping among successive blocks causes a significant 
increment of the number of operations, especially if the 
lateral size of the array exceeds N = 100. These 
considerations are valid for both CZT and DM 
beamforming, although the total operation count of the 
DM case is over one order of magnitude higher than that 
of the CZT case. In the following of this paper, K will be 
set equal to 2048; more in general, the value of K can be 
profitably set according to the hardware features. 

 
(a) 

 
(b) 

Figure 2. Operation count versus the array lateral size N, 
for different values of the block length K. Nb/N = 2. (a) 

CZT beamforming. (b) DM beamforming. 
 
 

Setting K = 2048 and Nb/N = 2, the computational 
load of the three beamforming technique to create one 3-
D image is compared, as a function of the array lateral 
size N, in Fig. 3. The graphs reveal that the CZT 
beamforming is very convenient with respect to D&S and 
DM beamforming techniques. With respect to D&S, 
there is an approximately 10-fold advantage when N is 
40, which increases to 1000 when N is 140. Even more 
efficient than D&S, DM is more computationally 
demanding than CZT: the 4-fold advantage of CZT when 
N is 40 increases to 100 when N is 140. Therefore, CZT 
beamforming becomes more and more attractive when 
the size of the planar array increases, providing a very 
important gain. In fact, under the hypothesized 
conditions, the time-domain D&S method and the 
frequency-domain DM present a steeper rise of 
operations along with the array size increase. 

Also the impact of the ratio Nb/N on the 
computational load of the three beamforming techniques 
is analyzed in Fig. 4. The results shown in Fig. 4 have 
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been obtained with K = 2048 and N = 80. The operation 
counts of D&S and DM beamforming gradually increase 
with Nb. Instead, the CZT-based technique shows an 
operation count almost constant, with a step at Nb/N = 
2.2. The reason is twofold: (1) The computational load of 
the spatial processing is constant for all the values of N + 
Nb – 1 included between two contiguous powers of two. 
(2) The computational load of the inverse FFT increases 
with Nb. However, the increase is negligible with respect 
to the total operation count. 

CZT beamforming is still dramatically 
advantageous, reporting an approximately 10-fold gain as 
compared to DM at Nb = 80 and about 25-fold at Nb = 
120, and achieving a 100-fold gain with respect to D&S 
at Nb = 80 and 750-fold at Nb = 120.  

 
 

 
Figure 3. Operation count for the three beamforming 

methods (i.e., CZT, DM, D&S) as a function of the 
array lateral size N. K = 2048 and Nb/N = 2. 

 
 

 
Figure 4. Operation count for the three beamforming 

methods (i.e., CZT, DM, D&S) as a function of the 
ratio Nb/N. K = 2048 and N = 80. 

 
 

An analysis of the computational weight of the three 
steps (i.e., the FFT of the input signals, the spatial 
processing, and the inverse FFT of the output beam 
signals) needed to produce a volumetric image, using 
CZT beamforming and DM beamforming, is shown in 
Fig. 5. The diagrams refer to the case: K = 2048, N = 80, 
and Nb/N = 2. The first and the third steps (input and 
output FFT) involve a number of operations that do not 
depend on the beamforming technique; consequently, 
their computational load is equal for CZT and DM 
beamforming. (Unfortunately, the different scales used in 
Figs. 5(a) and 5(b) make it difficult to verify this fact.) 
On the contrary, the second step (spatial processing) of 
DM beamforming requires a number of operations that is 
approximately 100-fold higher than that required by CZT 
beamforming. Apart from this advantage, it is interesting 
to note that, for CZT beamforming, the heaviest 
processing step is the FFT of the input signals. This 
observation can guide to set the type and the 
characteristics and of the hardware to be used. 

 

 
(a) 

 
(b) 

Figure 5. Analysis of the computational load of the three 
processing steps for the generation of a volumetric 

image. (a) CZT beamforming. (b) DM beamforming. 
N = 80, K = 2048, and Nb/N = 2. 

 

 6 



Overall, one can note that, for the system 
considered, the CZT beamforming reports a 
computational advantage of about one order of 
magnitude with respect to the DM beamforming, and of 
about two orders of magnitude with respect to D&S 
beamforming. 

Finally, a comment on the Fresnel approximation of 
the beamforming delays to be applied in the near-field 
region is useful. While the D&S and DM beamforming 
techniques can be implemented using the exact delays or 
the approximated delays (the choice depending on the 
size of the available memory, with no impact on the on-
line computational load), the CZT beamforming needs 
the use of the approximated delays. Although this can 
appear as a drawback, it is important to remark that the 
computed beam signals do not present any significant 
inaccuracy provided that they are pointed and focused 
inside the validity region [18] of such an approximation. 
For this reason the Fresnel approximation is well known 
and widely adopted. In addition, a method to enlarge the 
validity region of such an approximation, according to 
the angular extension of the imaged region, has been 
proposed in [23] and can be applied to the CZT 
beamforming without any increase in the computational 
burden. 

V. CONCLUSIONS 

This work focused on extending the CZT 
beamforming method to the case of a planar array for 3-D 
near-field digital beamforming. Although CZT 
beamforming is carried out in the frequency domain, it 
overcomes the typical problems affecting other frequency 
beamforming techniques, such as zero-padded FFT 
beamforming. In particular, the samples of the beam 
signals computed for every frequency bin are related to 
the same set of predefined steering angles. Moreover, the 
initial and final angles of the scanned sector can be 
arbitrarily selected. The Fresnel approximation in the 
delay computation and the setting of multiple focal 
regions was necessary to extend CZT to the near-field 
case. An adequate organization of the different operations 
and the introduction of a technique to generate cubic 
resolution cells have allowed one to reduce the number of 
online operations necessary to generate a 3-D image 
dramatically. The computational analysis has shown that 
the advantage of CZT beamforming with respect to D&S 
time-domain beamforming and to DM frequency-domain 
beamforming is important, especially when the later size 
of the planar array increases. For a realistic set-up of an 
underwater volumetric imaging system, the gain factor 
obtained with CZT beamforming is larger by over one 
order of magnitude compared to DM beamforming, and 
increases to over two orders of magnitude compared to 
D&S beamforming. 
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