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ABSTRACT

In this paper we consider a problem of remote image align-
ment. Two users A and B have access respectively to two im-
ages X and Y, which differ only for a shift component. User
B wants to know the shift difference between the two images.
User A has thus to send useful information about image X to
user B, so as to let him identify the value of the shift. The
objective is to minimize the number of bits sent from A to B.
In this paper we consider the above problem and we propose
a framework based on the use of the phase of the DFT. Differ-
ent possible decoding strategies are studied for user B, which
depend on the trade off between complexity and performance.

Index Terms— Image processing, video signal process-
ing.

1. INTRODUCTION

With the recent emerging interest for network and multiuser
applications, signal processing technique specifically devel-
oped for network scenarios have been receiving increasing at-
tention in the last years. Important examples are to be found
for example in distributed sampling and signal processing,
and distributed source coding (see for example [8], [1] and
[5D.

The problem studied within the present paper can be con-
sidered either in the context of distributed signal processing,
in the context of distributed source coding, or as a problem
of distributed identification. Two images X and Y, which are
obtained by cropping a common scene from two displaced
positions, are made available to two distinct users, say A and
B respectively. User B wants to know the shift between the
two images and, having access only to the Y image, he needs
information about the image X from A. The problem to be
solved is the definition of a technique to extract meaningful
information from X so as to allow B to correctly identify the
shift between the images.

We remark that user A cannot himself evaluate the value
of the shift, as he has no access to the Y image. Thus, the
problem is a problem of distributed identification of the shift,
in the sense that in order to evaluate the shift one needs infor-
mation about both images X and Y while this information is
not available in one single point. It is thus necessary to send

some amount of information from one point to the other one,
and the objective is to minimize the amount of data transmit-
ted.

The motivations for the definition and the study of this
problem, are to be found in different applications in multi-
user scenarios. An example is the case of image and video
coding, which is the application of distributed source coding
principles to images and video coding problems. Distributed
source coding is a branch of information theory which has
been receiving increasing attention from the the publication
of [9] by Slepian and Wolf. The main topic considered in this
field is the possibility of separately encode correlated sources
with the same encoding efficiency as if they were encoded
jointly, provided one single decoder has access to the infor-
mation communicated by every encoder. The application of
this principle to the case of image and video coding leads to
interesting problems that rely in the exploitation of the corre-
lation between images that are available to remote users (see
for example [6]). In this context, a natural problem of interest
is to find a way to “align” two images in a remote fashion, i.e.,
without having both images available in one point, but allow-
ing for the communication of a small amount of information.
Thus, for example, it is of interest to study as a starting prob-
lem the scenario considered in this paper, where an image
Y is completely available to user B (say the decoder), which
wants to perform the registration, and an image X is available
to user A (say the encoder) which has to send to B a concise
description of X that brings enough information to perform
the compensation.

In this paper we thus propose a first approach to the prob-
lem of distributed estimation of the shift between images.
The described technique can be extended, by working on the
Fourier-Mellin domain (see [3]) to the more general problem
of estimation of rotation and scale between images. This pa-
per is thus part of a more general work on the adaptation of
image registration techniques (see [2, 4, 10]) to distributed
scenarios.

In the whole paper ‘log(+)’ indicates the base-2 logarithm.
Given an integer m, ‘{-},,” indicates the modulo-m opera-
tion, while the symbol T indicates a modulo-2r congru-
ence. We consider phases to always take values on the inter-
val [—7, 7) within the next sections. Finally, we use a binary
sign function sign(-) defined as sign(z) = 1if # < 0 and



sign(z) =0if z > 0.

2. EXTRACTING INFORMATION FOR SHIFT
DETECTION: 1-D CASE

In order to introduce the method proposed for the distributed
encoding of the shift information we first consider a simple 1-
dimensional ideal problem. Suppose thus X () and Y (-) are
two N-point signals, available to A and B respectively, which
differ only by a circular shift s, with 0 < s < 5,5 < N. We
can write this in equations as
X(n)=Y({n-s}n), n=0,1,...,N —1.

For the sake of simplicity, let us consider the case when
both IV and S are powers of 2. The problem to be considered
by B is the identification of the value of s. Consider first the
case when image Y is also available to user A. In this case
user A can obviously detect the value of the shift between
the two images and then communicate this values to B. If
s is uniformly distributed between 0 and .S — 1, this would
require on average the transmission of log(.S) bits from A to
B. Now suppose instead that the image Y is not available to
the decoder. Supported by distributed source coding theory,
one may wonder whether it is still possible to transmit the
value of s to B using only log(.S) bits. In the remaining part
of this session we show how this can be done, by properly
working on the DFT of the signal X.

Let X (-) and Y'(-) be the DFT of X and Y respectively,
and, for every k, let ® ¢ (k) and ®y (k) be the phase of the
coefficient X (k) and Y (k) respectively. From the shift hy-
pothesis on X and Y, the phases of the DFT are related by
the following equation

et E -2 h). (1)
In the DFT domain it is evident that by knowing the phase

® ¢ (-) and the phase @y, (-) it is possible to recover the shift

value s. What we want to find, however, is a technique to

extract the minimal information from the phase ® ¢ (-) that

suffices, together with the knowledge of ®y.(-), to deduce s.
First note that, if we take £ = 1 in (1), we have
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Now, given that s < N, for every value of s the value on
the right hand side of the eq. (2) determines a different point
in the range [—m, 7]. The phases obtained for two different
values of s differ by a multiple of 27/N. Hence, for every
interval of width 27 /N there is only one possible value of s
such that the right hand side of equation (2) lies in that in-
terval. This implies that, when ®. (1) is known, a quantiza-
tion ® ¢ (1) of ® ¢ (1) into N intervals of width 27/N com-
pletely determines the value of s. Furthermore, note that it is

not really necessary to distinguish all these N intervals. In-
deed, given that s < 5, intervals with distance multiple of
257/N can be grouped together. Only one of the s values
indicated by these intervals, indeed, will satisfy the constraint
that 0 < s < S. This leads to the conclusion that in order to
allow user B to understand the value of s, it is only necessary
to communicate the value of {® ¢ (1)}s. So, only log(S) bits
are required in order to quantize ®x (1) so that user B can
recover the value of s.

Even if the above exposed procedure theoretically allows
to reach the objective of detecting the shift s by communicat-
ing only log S bits of information from A to B, it is important
to remark that it is fragile in the case of non-ideal situation of
noisy signals with non-circular shift. The fine quantization of
the value of ® ¢ (1)} ¢ implies in fact that even a small effect
due to non-ideal situations can cause errors in the detection of
the value of s. It is thus important to identify different quan-
tization techniques that would lead to a more robust system.
Here we propose a different method to extract the shift value,
which is based on a coarse quantization of more coefficients,
rather than on a fine quantization of only one coefficient.

The main idea is to investigate the coefficients of the DFT
that are more meaningful to the identification of s by consid-
ering the periodic variation of the phase of the coefficients at
different frequencies when a shift component is introduced.
Consider for example the coefficient of frequency k = N/2;
for this coefficient equation (1) reduces to

D (N/2) Z —rs+ @ (N/2) 3)

ie., ®¢(N/2) and @y (N/2) differ by a multiple of 7. This
means that the sign of ® ;(/N/2) is the same of the sign of
. (N/2) if s is even, and it is the opposite if s is odd. Thus,
by indicating to user B the sign of ® ¢ (N/2), he can decide
if s is even or odd and, hence, he can determine the least
significant bit sy of the binary representation of s. Note that
this bit can be actually decoded as

50 = sign(®y (N/2)) @ sign(® 4 (N/2)) (4)

If we write s = 2t + sg, it is then possible to use the sign
of the phase ® ; (N/4) to detect if ¢ is even or odd. Indeed,
for k = N/4 equation (1) gives
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Tt — %so + Dy (N/2).
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So again, the sign of ® ¢ (IN/4) is sufficient to B to detect if
t is even or odd, which corresponds to determine the second
least significant bit s; of s. We explicitly have

s1.= sign (@ (N/4) = Ts0) @ sign(@¢ (N/4))  (5)

The trick can be iterated again using the values of the phases
O+ (N/8),® ¢ (N/16),--- ,® +(N/S). We show indeed that
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(a) Decoding of bit so =1

(b) Decoding of bit s7 = 1

(c) Decoding of bit sg = 0

Fig. 1. Procedure for the decoding of the first three bits of s. In this case we had s = 3.

a 1-bit quantization of the above phases, for a total amount of
log(.9) bits, suffices to recover the value of s at the decoder.

Let us write the binary representation of s as s454—1 - - - 5150,

s; € {0,1},9=0,...,4q, so that we have {s}on = Sp_1Sr—2
---80. As explained above, knowing the sign of the phase
of the N/2-th DFT coefficient of X, it is possible for B to
recover the parity of s, and thus sy. By using an iterated pro-
cedure, then, all the other bits 51, s2, ..., s, can be deduced
by B when the signs of ® ¢ (N/4), ® ¢ (N/8),..., P +(N/S)
are known. We prove this by induction. Suppose in fact that
the bits sg, s1, . .., S,—1 has been determined using the signs
of ®x(N/2),®x(N/22),...,®x(N/2"), and consider the
coefficient X (N/2"*1). We have that

S
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T s
= —TSp — ZT{S}Q}L + @?(N/2h+l).

Now, clearly {s}orn = s,_1 - - - $15¢ is known to the decoder,
so that the only unknown term in the right hand side of the
above equation is sy,. If the sign of the left hand side is known,
sy, can be determined as

sp, = sign ((IJ{/(N/Q’“L“) — 2%{8}2!1)@Sign((I)X(N/Zh+l))

(6)
This proves that the log(.S) bits that represent the signs of the
phases ® o (N/2%),i = 1,...,log(S), allow the decoder to
reconstruct the value of s. In Figure 1 an example of extrac-
tion of the first three bits of s is shown.

The reader may be interested in noticing that the problem
we have considered in this section can also be reformulated as
a problem of estimation of the frequency of a single tone sig-
nal in a distributed setting. Indeed, equation (1) can actually

be rewritten as
A . 27s
X (k) =Y (k) exp (—JNk> (7

When Y is known, the problem of identifying s is thus a prob-
lem of frequency estimation for user B. It is however interest-
ing that the identification has to be performed with the small-
est possible number of bits of information on X. An in-depth
study of the problem of frequency estimation from quantized
uniformly spaced noisy samples can be found in [7]. In this
section, however, the benefits of using logarithmically spaced
samples have been shown. A detailed study of the best theo-
retical approach to frequency estimation using the least pos-
sible information is out of the scopes of the present paper.

3. EXTENSION TO 2-D SIGNALS: REMOTE IMAGE
ALIGNMENT

3.1. Noiseless signals with circular shift

The theoretical development presented in the previous section
is applied in this section for the 2-dimensional case in order
to deal with the practical problem of encoding the relative
shift between images. We first consider the ideal case where
two to N by N images X and Y differ by a 2-dimensional
circular shift. Let us call v = (r,c) the shift vector, where
0<r<Rand 0 < ¢ < C-with R < Nand C <
N - are the value of the shift parameters along the rows and
the columns respectively. In other words, the mathematical
relation between the images is

X(n,m)=Y{n-r}ty,{m—c}n), n,m=0,1,...,N—1,



and the corresponding relation between the 2-dimensional DFT’s

is thus

2mkr 27le
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(I)X(k‘,l) = —|-(I>}>(k‘,l). ®)
It is easily seen that the problem of determining r and c can be
separated into two disjoint 1-dimensional problems. In fact,
by setting | = 0 in (8), the term including c is canceled, and
eq. (8) reduces to an equivalent of eq. (1), where r plays
the role of s. In the same way, by setting k¥ = 0 the term
containing 7 is canceled and again an equivalent of eq. (1)
is obtained, where now c plays the role of s. So, by taking
respectively [ = 0 and & = 0, we can solve the problem of
extracting meaningful information from X so as to allow user
B to detect the value of r and c independently. In this case,
the bits extracted are the signs of the coefficients

O (N/2,0), B¢ (N/4,0),..., 8¢ (N/R,0),
® (0, N/2), 8 (0,N/4), ..., 84 (0,N/C).

which amount to a total of log(R) + log(C). So, the 2-
dimensional problem in the ideal situation of noiseless cir-
cular shifts is optimally solved exactly in the same way as in
the 1-D case.

3.2. Redundant information for concrete scenarios

The insight presented in the preceding section is now applied
to a more realistic situation where the two images X and Y
are not related by an ideal noiseless circular shift, but are in-
stead obtained as noisy observations of a common scene from
two shifted positions. We model this fact by saying that there
exists a scene Z(n,m) and independent noises ng, n, such
that

Y (n,m)
X(n,m) =

Z(n,m) 4+ ny (n,m), 9
Z(n—r,m—c)+nx(n,m). (10)

where again r and ¢ nonnegative and bounded by R and C
respectively. In this case, the values of R and C' are assumed
to be much smaller than N, because when R and C' get com-
parable with N the overlap between the = and y image gets
smaller and smaller.

Under these different assumptions, we are not interested
anymore in the problem of detecting the shift using only ex-
actly log(R) + log(C) extracted from X. Due to the noise
and to the boundary effects, it is reasonable to allow the use
of more bits in order to detect the shift. In general, of course,
it is reasonable to assume that the number of required bits to
correctly detect the shift may depend on the strength of the
additive noise on the X and Y images and on the amplitude
of the shift components. So, for this practical situation, we
relax the problem to more informal constraints and we aim at
finding a robust strategy to detect the shift using only a small
number of bits extracted from X.

The main idea that we adopt in this practical situation,
then, is to use the insight given by the theoretical develop-
ment proposed for the ideal case and “extend” the technique
by increasing the robustness front to “errors” in the phase
signs due to noise and to the boundary effects. In order to
do this, it is necessary to add redundancy to the bits extracted
from X. In the ideal case, when we considered the phase
relation expressed by eq. (8), we clarified that it is possible
to solve the problem separately for » and ¢ by setting [ = 0
and k = 0 respectively, so as to use a minimum number of
bits. In a concrete non-ideal scenario, instead, in order to
add robustness, it is useful to look at the situation from an
opposite point of view. In particular, we note that when [
and k are both different form zero the value of the resulting
phase is affected by both r and c at the same time. So, rather
than using only the coefficients of the form ®  (N/2¢,0) or
® (0, N/27), which represent the phases of perfect vertical
and horizontal frequency harmonics, we can also consider the
phases of “diagonal” frequency coefficient, i.e. the values of
® (N/2',N/27). By doing this, we actually add some sort
of “parity-check” bits that can be used by user B to find a
more reliable estimation of the shift.

In this case, it is interesting to study the problem of find-
ing the best technique to be used by user B in order to find
the most probable value of the shift given the values of the
bits received by user A. In fact, in this case, contrarily to the
ideal noiseless situation, there is no exact expression for the
value of the shift components in terms of the phases of Y and
on the signs of the phases of X. It is instead necessary to in-
vestigate techniques for the identification of the shift that give
a reliable estimate with high probability. In this context it is
interesting to find that the ability of user B to detect the value
of the shift depends on his computational power. Indeed, the
more complicate operations on the available information are
allowed, the more sophisticated the estimation procedure can
be.

Here we outline a couple of different possible strategies
for the identification of the shift. Both techniques are based
on a full-search test for the possible value of  and c but a
different approach is used on the operations performed in or-
der to test every possible choice. In particular, the two meth-
ods differ for their computational complexity and, as a coun-
terpart, for their performance. Before discussing these two
methods, it is necessary to clarify an important point. What
user B wants to do, in the end, is to estimate the shift that, ap-
plied to Y, gives an image which is similar to X. So, we can
interpret the problem in the following way. User B tests the
possible values of r and ¢ by considering the result obtained
when shifting Y by r and ¢ and checking if the signs of the
phases resemble the ones communicated by A. In the the real
scenario, image X and the shift-compensated Y will always
coincide only in the central part, as user B cannot recreate the
portion of the X image located on the disappeared region. So,
in order to reduce the boundary effects we can smooth the X



(b) Image Y

(a) Image X

Fig. 2. Example of 256x256 x and y images cropped from
the 512x512 “goldhill” image. Here we have r = 21, ¢ = 36
and nx and ny are independent white gaussian noises with
Onxy = On, = 2. In this case 69 bits suffice to correctly
detect the shift with the computationally light decoder (in less
than 1 second), while 39 bits suffice in the case of the complex
decoder (in more than 300 seconds).

image so as to remove the information located on the borders
of the area. Of course user B must take into account that this
windowing operation is performed on the X image, for ex-
ample by performing the same operation on the Y image. We
now briefly describe the two techniques.

Complex method

User B consider all possible pairs of (r, ¢) values; for every
one of them a circular shift by a (r, ¢) vector is applied to the
image Y. The resulting image is multiplied by the window
so at to remove the border effects and it is transformed with a
DFT operation. A measure of distance between the obtained
phases of the coefficients and the quantized ones (actually the
signs) extracted from X is then computed, and the values of
r and c that minimize this distance are kept as best estimate
of the true shift components. Note that with this technique,
when the correct value of r and c are checked, the shifted
and windowed image Y differs from the windowed X mainly
only for the noise, the border effects being smoothed by the
window. This gives to the technique a great robustness. On
the other hand, the main disadvantage is that for every (r, c)
pair a DFT must be computed for the Y image. This lead to a
high computational complexity of the method.

Fast method

An alternative choice, which cannot reach the same perfor-
mance of the previous one, can be made in order to obtain a
technique with a much lower computational complexity. In
this case, the Y image is multiplied by the window only once
at the beginning of the process and it is transformed. From
the transformed image, the subset of meaningful frequency
coefficients is extracted. Then, for every (r, c) pair, a circu-
lar shift on Y by a (r, ¢) vector is “simulated” on this subset
of frequencies, by multiplying every coefficient by an appro-
priate exponential factor. This corresponds to perform a cir-
cular shift on the windowed version of image Y, and thus
leads to a different result, because also the window is in this
case shifted. A measure of distance between the so obtained

phases of the meaningful coefficients and the signs received
from user A and, again, the (r, ¢) pair that gives the minimum
distance is kept as estimate of the shift vector. Note that in
this case only one DFT is computed, and the operations re-
quired for every (r,c) pair have much lower computational
complexity than in the previous method.

Remark

In both the above proposed methods, we have assumed that a
measure of distance between the phases of the compensated
Y image and the 1-bit quantized phases of the X image is
defined. It is worth noticing that the definition of such a dis-
tance can be made in many different ways. In particular, a
distance from a sequence of real values and a sequence of bi-
nary values must be defined. It is not simple to establish the
optimal distance measure to be used for this problem and in
our experiment we have used different types of distances. In
particular, we have tried both “hard-decision” distances and
“soft-decision” distances. The “hard-decision” distance is ac-
tually the Hamming distance between the sequence of 1-bit
quantized phases of the compensated Y image and the 1-bit
quantized phases of X. Soft distances, instead, are real val-
ued distances that try to fully exploit the actual values of the
phases of Y. Even if “soft-decision” distances usually per-
form better than “hard-decision” distances, in our preliminary
experiment we have not verified much gain of the first ones
over the latter ones. This topic is however still under investi-
gation since many different factors, such as the particular type
of additive noise and the power spectrum of the used image,
impact the results.

4. EXPERIMENTAL RESULTS

In order to show the effectiveness of the proposed method and
to evaluate the performance in a practical situation, we have
run some experiments on test images, and we report here one
of these tests. We have only performed extensive simulations
using the computationally-light proposed scheme, as the com-
putationally complex scheme requires too many operation to
extensively study the performance for different noise strength
and shift amplitudes (see Fig. 2 for an example of difference
of performance of the two methods).

So, we have taken the 512x512 “goldhill” image, and
we have constructed the 256x256 x and y images by crop-
ping portions of “goldhill” and by adding independent white
gaussian noise to them. We have then applied the proposed
computationally simple method and we have checked whether
it gave the right result or not. The experiment was performed
by testing, for different number of bits used for the code, vari-
ous shift vector lengths and increasing noise amplitudes. The
results are shown in Fig. (3), where we can see that by in-
creasing the number of bits of the code progressively from 25
to 81 we are able to correctly detect shift vectors with increas-
ing amplitudes and for increasing strength of the noise.
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Fig. 3. Success/failures in the computationally light decod-
ing of v, depending on the amplitude of the shift and on the
noise strength, for different number of used bits. Images x
and y were obtained here by cropping the image “goldhill”
in random positions. An asterisk indicates a success while a
circle indicates a failure. Note that the axis scale is different
for different number of bits used.

5. CONCLUSION AND FUTURE WORK

In this paper we have studied the problem of distributed detec-
tion of the shift between two signals, and we have applied the
theoretical discussion in order to construct a robust method
for the distributed estimation of the shift between images.
The method is based on the encoding of the sign of the phase
of certain meaningful coefficients of the DFT. Further work
will be devote to the study of more general phase sampling
techniques and shift estimation methods. Extensions of the
method to the case of rotations and scaling between images
are under development and the application of the underlying
ideas to the problem of remote motion compensation and re-
mote disparity compensation between images is being consid-
ered.
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